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ABSTRACT 
In this paper, we study a new search scheme called Itera

tive Refining A* (IRA*). The scheme solves a class of combina
torial optimization problems whose lower-bound values and 
heuristic solutions of partial problems are easy to compute. An 
example of problems in this class is the synunetric traveling
salesman problem for a set of fully-connected cities. The 
scheme consists of a sequence of guided depth-first searches, 
each searching for a more accurate solution than the previous 
one. It is an extension from Kerf's IDA* search, except that it 
prunes by approximation rather than by thresholding. In IRA*, 
global upper bound (or incumbents), rather than lower-bound 
information, is passed between the successive depth-first 
searches. The time required by IRA* for finding optimal solu
tions to problems in this class is very close to that required by a 
best-first search. while the memory space required is the same as 
that of a depthMfirst search. We derive the performance bounds 
of parallel IRA* and found that it is more robust and has much 
better worst-case behavior than a parallel depth-first search. 

INDEX TERMS: Approximation, combinatorial optimiza
tion, iterative-deepening A*, iterative-refining A* (IRA*), paral
lel processing. performance bounds. 

1. INTRODUCTION 
NP-hard combinatorial opunuzation problems (COPs) 

require an exponential amount of computation time and memory 
space in the worst case in solving them. It has been proved that 
the A* algorithm with an admissible lowerMbound function 
expands the rnlnimum number of nodes in finding the optimal 
solution or a solution with a guaranteed deviation from the 
optimal solution. Our objective in this paper is to find an 
efficient and robust parallel search scheme for solving COPs so 
that the memory space required is bounded, and that the raJio of 
the total number of nodes expanded ill the best sequential (or A*) 
algorithm to that of the proposed (parallel) search scheme is 
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maximum. 
There are a number of recent results on parallel cornbinaM 

torial searches (1. 3]. Most of them are focused on load balanc~ 
ing, variable sharing, and reducing communication overheads. A 
number of srudies were devoted to finding the best speedup of a 
parallel algorithm as compared to a sequential algoritlun using 
the same search strategy. For instance, near-linear or superlinear 
speedups have been observed for a parallel depth~first search as 
compared to a sequential depth-first search [1]. Similar behavior 
has been obsen·ed for parallel IDA* search as compared to a 
sequential one [5]. These issues are important in parallel pro~ 
cessing; however, they do not indicate the actual speedup 
achieved in solving the given problem. The speedup achieved by 
parallel processing must be compared against the best sequen~ 
tial algorithm for solving the given problem and not the sequen~ 
tial version of the parallel algorithm. Using the number of 
nodes expanded as a measure of performance, the best sequential 
performance is achieved by the best-first strategy. In this paper 
we characterize the aggregate speedup achieved as a function of 
the speedup achieved by parallel processing (using the same 
search strategy) and the slowdown resulted due to the use of a 
more space-efficient algorithm (such as depth-first search) than 
the best-first search. 

In general, combinatorial optimization problems can be 
roughly divided into two classes according to whether feasible 
solutions can be found easily. In the first class, finding feasible 
solutions may be as hard as finding optimal ones. Examples of 
problems in this class include integer programming, solving IS
puzzle problems, and finding vertex covers. These problems can 
be solved efficiently by IDA* [2]. In the second class, it is rela
tively easy to find feasible solutions and hence upper-bo'Wld 
values to partially evaluated problem instances. Examples of 
problems include the symmetric traveling-salesman problem on 
fully-connected cities and many unconstrained scheduling prob
lems. In this paper. we· address problems in the second class. 
Without loss of generality, we discuss our results with respect to 
minimization problems. 

In developing an efficient parallel search strategy, it is 
necessary to decompose the search into tasks so that the process
ing resources are scheduled to search independent subtrees. It is 
important that memory and lime limitations be observed. that 
anomalies in parallelism be addressed, and that the scheme be 

applicable to a wide variety of problems. The Iterative Refining 
A* (in short, IRA*) search proposed in this paper are developed 



with these objectives in mind. 
In general, parallelism of COPs can be exploited in two 

levels: intra~node and inter~node levels. Current techniques in 
parallel processing, such as pipelining and array processing, are 
suitable for intra~node parallelism. In contrast, inter~node para!~ 
lelism can be broadly classified into four types. 

(a) In tree~splilting or tree-decomposition, each processor 
has a local list for storing active nodes, each constituting a dis~ 
joint part of the search tree. When a processor finishes evaluat~ 
ing all nodes in the local list, it gets an unsearched node from 
another processor. The major issues here are in finding efficient 
load balancing and variable-sharing (or information communica
tion) strategies and in coping with anomalies in parallelism. 

(b) In parallel window searches, each processor expands 
the nodes whose lower bo\.Ulds fall into a given window, namely, 
a lower-bound interval. This approach is suitable for bottom-up 
searches, such as game-tree search. but suffers from the high 
overhead of node distribution found in top-down searches. 

(c) In parallel iterative searches, the tree searched is 
expanded in successive iterations and may overlap with each 
other. In the original IDA* algorithm [2], thresholds are defined 
so all nodes with values less than a given threshold are searched 
in an iteration. Trees in successive iterations are searched 
sequentially. These trees can be searched in parallel. Parallel 
iterative search has the benefit of obtaining a desirable approxi
mate solution early in the process and in communicating these 
solutions to all trees searched in parallel. 

(d) The last type of inter-node parallelism is based on 
exploiting multiple heuristics and has not been addressed seri
ously in the literature. In this form, multiple heuristics are run in 
parallel. 11lls takes advantage of the large fluctuations in compu
tation times of various heuristics in generating feasible solutions. 

The parallel IRA* search scheme studied in this paper 
utilizes the four types of inter-node parallelism discussed above 
and addresses three important issues: memory-space limitation, 
detrimental anomalies in parallel search [4], and achieving a per. 
formance as close as possible to the theoretical minimum nwnber 
of nodes expanded in a best· :first search. It perfonns better than a 
pure depth-first search or a guided depth-first search, which only 
address the issue on memory limitation. We derive bounds on 
performance of parallel IRA* searches. These bounds show that 
the IRA* algorithms are more robust than pure depth~fi.rst 

searches with respect to parallel processing and approximate 
computations. 

In this paper, we evaluate our results using the traveling
salesman problem. These problems are generated by calling the 
random number generator rand(), which randomly determines 
the location of cities on a 100-by-100 Cartesian plane. All cities 
are assumed fully connected, and distances between cities are 
symmetric; that is, the triangular inequality is satisfied. The 
lower-OOund function used here is computed by the spanning
tree method, and the upper bo\.Ulds by a hill-climbing heuristic. 
Since the method for computing the upper bound generates a 
feasible solution, the global minimum upper bound is the same 
as the incumbent. 

2. A BASIC PRINCIPLE OF PARALLEL PRO
CESSING 

In general, two criteria can be used to measure the 
efficiency of parallel solution of a COP. 

Type I Minimize T (P) 
Subject to a.;, a., and M (P) -5 M ~· 

Type II: Maximize a 
Subject toT(P) ,;y = andM(P),; M=, 

where T(P) and M (P) are the computation time and memory 
space spent by the algoritlun using P processors; a and a,. are, 
respectively, the achieved and desired accuracies of the solution; 
and T tnU and M mu are the time and space constraints. In this 
paper, the criterion used is of Type I. 

LetT ~(1) be the computation time required by the best 
sequential algorithm for solving a given problem. Since T but is 
fixed, Type I criterion is equivalent to 

. . T U,n(l) 
maxmuze T (P) subject a;, a,. and M (P),; M = 

Let T(1) be the underlying sequential algorithm corresponding to 

the parallel algorithm to be measured. Then, 

r..,,(1) r.,,(l) ro) 
T(P) ~T(l)"T(P) ~R·S (2.1) 

T "'"(1) T(l) 
where R ~ 1'(1) and S ~ T(P). It is clear that R character-

izes the efficiency of the underlying sequential algoritlun, and S 
characterizes the efficiency of the parallel implementation of the 
underlying sequential algorithm. A desirable objective of a 
parallel search is that it achieves the maximum of R · S rather 
than only R or S individually, and that it satisfies the constrains 
listed in Type I or ll criterion. 

A parallel best-first search may achieve the maximum 
R ·S. However, it violates the memory~space constraints unless 
the COP solved is very small. For the original IDA* algorithm, 
the average S achieved for different problem instances may be 
close to P, although anomalous behavior occurs, as reported by 
Rao, Kumar, and Ramesh [5]. R achieved, however, is small for 
solving the second class of COPs, such as TSPs. For the conven
tional depth·first search. R achieved is quite small, and S is 
unpredictable due to its anomalous behavior: acceleration 
anomalies may result in superlinear speedups, and detrimental 
anomalies are frequent. The basic idea in this paper is, there· 
fore, on. obtaining both R and S as large as possible and on mak
ingS predictable under the restriction of memory space. 

3. EFFECTS OF INITIAL UPPER-BOUNDS 
Most search algorithms including A* can be formulated 

as a version of a branch-and-bound algorithm (B&B). In the 
B&B computation for solving a minimization problem, the glo
bal minimum upper 1:x:mnd. or incumbent, is initially set to a 
given value u0 (or infinity) and monotonically decreases until it 
achieves j 0 , the optimal solution, which remains unchanged until 
the end of computation. In the following sections, the incumbent 
initially obtained before starting the computation of an iteration 
is called the initial upper bound of the iteration. 

In general, a combinatorial search process can be split 
into two phases: 

(a) computation to obtain an optimal solution 



Table 1. Comparison of Tr and T .. of guided depth-first searches 
for 5 symmetric 20-city TSPs. 

Initial Seeds 

1 2 3 4 5 

Tr 54806 44143 181299 146335 106305 

T. 12981 13483 42658 10602 29547 

T, 16235 23491 77292 13867 48062 

(b) computation to verify its optimality. 
To analyze the performance independent of the details of the 
underlying computer architecture, we use the number of nodes 
expanded as the performance measure throughout this pa~r. Let 
Tr and T.,. be the numbers of nodes expanded before and after the 
first optimal solution is found. Let Tb be the number of nodes 
expanded in an A* search. Obviously, the total number of nodes 
expanded in any search algorithm, T, satisfies 

T = T1+T. 2: T, 

In an A* algorithm, the best-first search strategy is adopted, so 
T1= T, and T. = 0. This implies that the initial upper bound has 
no impact on the A* algoridun. However, in depth-first 
searches, Tr is usually much larger than T.,. and Tb. Table 1 
shows T1• T.,., and Tb for 5 symmetric TSPs of 20-cities. These 
examples show that in most cases, T 1 is the dominant pan of 
search time for depth-first searches. To reduce the computation 
time of depth-first searches, the most important concern is to 
make T 1 as small as possible. 

For general heuristic searches, T1 depends mainly on the 
accuracy of the guidance function. while T.,. depends uniquely on 
the accuracy of the lower-bound function. The only way to 
reduce T.,. is to design more accurate lower-bound functions, 
which is difficult since it is problem dependent. In a depth-first 
search, since no heuristic function is used to guide the selection 
of nodes, the upper-bound function has a strong influence on r,. 
especially when approximations are applied. 

So far, a lot of work has been carried out on improving 
the guidance and lowerMbound functions, but the impact of the 
upper-bound function has not been studied seriously. In this 
paper, we do not attempt to compare different upperMbound func
tions. but rather study the influence of the initial upper bound on 
the performance of a search. 

We have extensively studied the computational behavior 
of guided depth-first searches1 for solving TSPs and knapsack 
problems. It is found that a decrease of the initial upper bound 
results in a significant decrease in the computation time in most 
cases. When an optimal solution is sought, a smaller initial 
upper bound will always have a positive effect, i.e., reducing T1 
for the depth-first search. Due to space limitation, this claim is 
stated without proof in Theorem 1. 

Theorem 1. Suppose that A (u 1 ) and A (u 2 ) are B&B algorithms 
using the different initial upper bounds u1 and u2 and that 
u 1 > u 2 • Assume that dominance relation is consistent with the 

1. In a guided depth-first sear<:b, the childn:n of a node are searched in monotonic 

order of lower bounds. 

lower-bound function2
• Let T(u 1 ) and T(u 2 ) be the computation 

time to find the optimal solution by A (ud and A (u 2 ), respec
tively. Then T (u 1) ?. T (u 2). 

Theorem 1 holds for any search strategies. However, a 
smaller initial upper bound does not always guarantee a reduc
tion in computation time when approximate B&B algorithms are 
employed. Anomalies may happen, although they do not happen 
frequently. 

4. ITERATIVE REFINING A* SEARCH 
Having realized that the initial upper bound has a vital 

influence on T1 in depth-first searches, we need to answer the 
next question: how to obtain a small initial upper bound with the 
minimum overhead. This can be found by an efficient heuristic 
algorithm, which finds a feasible solution to the problem. This 
approach is not taken in this paper as it is problem dependent. 
Our goal is to develop a general problem-independent scheme 
for finding initial upper bounds efficiently. 

Note that the initial upper bonnd cannot be assigned arbi
trarily. If the assigned initial upper bound is less than / 0 , then it 
is not a true upper bound but a threshold. Thresholds have been 
used in IDA* seatch [2] and can be selected optimally to minim
ize the total search overhead [7]. However, the criterion for their 
selection is not based on minimizing the overhead for finding an 
initial upper bound. 

An approximate B&B algoritlun can be used to find 
suboptimal solutions of COPs. During an approximate B&B 
procedure, a node Pi generated will be tenninated if 

u(P;) 
g(P-);,--, l+e E 2:0, (4.1) 

where u (Pi) is a global upper bound for P1 and g (Pi) is its lower 
bound. uf, the final suboptimal solution obtained by the approxi
mate B&B algorithm. deviates from / 0 , the optimal solution 
value, by 

uf 
--Sf" sur 
l+E 

e?: o. (4.2) 

Usually, Er (= (uf-J;,)!f"), the final error achieved, is much 
smaller than the allowed error £. Since f" is unknown in 
advance, gf, the global minimum lower bound, instead of / 0 , is 
often used to get E1 , the upper bound of the error of the subop
timal solution obtained. Note that Eg = (uf- gf)Jgf. If a., the 
worst-case accuracy of the solution, is defined as foJuf, then 
r:J. = 1/(1 + £). 

Approximations significantly reduce the amOWlt of time 
needed to arrive at suboptimal solutions. Let A (E1) and A (e,) be 
B&B algorithms with E1 and e2 , respectively, and E1 < e.2 • If a 
suboptimal solution uf is found by both algorithms, then in most 
cases. A (e,) finds uf earlier than A (E1) does, though anomalous 
behavior may appear when a depth-first search is employed. 

The above claim has been verified experimentally and is 
demonstrated in Figure 1. A symmetric TSP is solved by a 

2. A dominance relation D i£ said to be consistent with the lower~bound function if 
P; D Pj implies that g(P;} S. g {Pj). where g (P;) and g (P j) are nodes in the B&B 
search tree. More detailed discussion on dominance tclations c:an be found in the 

refaencc [4] 
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Figure 1. The effect of error·allowance on global upper.bound 
for guided depth-first searches. (TSP of 20-cities, 
initial seed= 4) 

guided depth-first search with four different error allowances, 
0.2, 0.1, 0.05 and 0. The computational behaviors are measured 
in terms of the rates of decrease of the global upper bounds. Fig
ure 1 shows that the larger the error allowance is, the faster the 
global upper bound decreases. For instance, when e = 0.2, 240 
nodes are expanded to reach the global upper-bound value 369.2, 
while 138,000 nodes are expanded in order to reach the same 
global upper-bound value when E = 0. 

Comparing the four curves and considering the effect of 
the initial upper bounds, we can arrange the depth-first searches 
in such a way that the approximation search with a large e is 
implemented first; the suboptimal solution obtained is then 
transferred to the next iteration as the initial upper bound, in 
which a smaller E is used. As a result, the time for solving a 
COP can be reduced significantly! 

For the above example, the same problem can be solved 
in four iterations with the error allowances decreasing from 0.2 
to 0. It takes 241 node expansions to finish the first iteration; the 
second iteration with e = 0.1 and initial incumbent 369.2 takes 
491 node expansions; the third iteration with e = 0.05 and initial 
incumbent 353.3 takes 2,419 node expansions; finally, the fourth 
iteration with initial incumbent 351.8 takes 14,229 node expan
sions to find the optimal solution 351.0 and complete the search. 
'I1le computational behavior of this implementation is reflected 
by the dotted curve in Figure 1, which shows an order-of
magnirude improvement in performance (see Case 4 in Tables 2 
and 3). Since the suboptimal solution is refined iteratively, we 
call this scheme an Iterative Refining A* (in short, IRA*) search. 

The IRA* search scheme is outlined in Figure 2. The 
stopping criterion can be the number of iterations, the final error 
allowance, or other conditions. An upper-bound function can be 
used to compute u~, the initial incumbent of the root. 'lbe key of 
the IRA* search scheme is in refining, i.e., choosing the proper 
strategy to reduce the error allowance. The goal of refining the 
computation except the last iteration is to find an optimal or 
desired suboptimal solution as early as possible. Once the 
desired solution is found, the remaining time is only used to ver
ify optimality. 

INPUT: initial error allowance e1 ; 

initial incumbent u~ if available; 
problem parameters; 

OUTPUT: Optimal or suboptimal solution; 
BEGIN 

WHILE (stopping-criterion is not satisfied) { 

) 
END 

DO approximate depth-first search from the root of the 
tree with£; and initial incumbent u? 

UNTIL no active node remains in the stack or the time 
constraint is exceeded; 

IF (rime constrain is exceeded) THEN 
report the achieved solution and the error bound Eg; 

ELSE { 
(a) record the suboptimal solution and Eg; 

(b) set new error allowance Ei+l < £1; 

(c) set u? ... 1• the initial incwnbent of the next iteration, 
equal to u{, the final incumbent in this iteration; 

Figure 2. The IRA* search scheme 

Table 2. Performance comparison of various search algorithms 
for 5 20-cities TSPs. (T,: time for guided depth-first 
search; Tr: time for IRA* search; and Tb: time for best
first search) 

Initial Seeds 

1 2 3 4 5 

'• 167787 57626 223957 156937 135852 

T, 20828 51043 88864 17380 54889 

T, 16235 23491 77292 13867 48062 

TJT, 1.28 2.17 1.15 1.25 1.14 

Table 3. Time of each iteration in IRA* for 5 20-cities TSPs. 
T(z) is the time needed in an iteration of IRA* to 
achieved an approximation degree E. 

Approx. Initial Seeds 

Searches 1 2 3 4 5 
T(0.2) 769 210 407 241 303 

T(O.l) 1071 2291 2329 491 1279 

T(0.05) 1886 9055 8836 2419 5245 

T(O) \17102 39487 77292 14229 48062 

T(O)(f(0.05) 9.17 4.36 8.75 5.89 9.16 

The sequence of refinements must be chosen properly. If 
the difference in error allowances between successive iterations 
is too large, then the final upper bound found in each iteration 
may have little influence on the next iteration. In contrast, if the 
difference is too small, then the global upper bound may remain 
unchanged in some iterations; hence, these iterations do not con
tribute to improving the solution. From our experience, four 
iterations are sufficient for the problems we have tested, and 
either the optimal or a good suboptimal solution is found in the 
iteration wi!h E = 0.05. 



Table 2 compares the performance among a guided 
depth-first search. IRA*, and a best-f1rst search3 for 5 20-cily 
symmetric TSPs.4 Due to space limitations, other results which 
exhibit similar behavior are not shown. The results show that the 
performance of IRA* is very nice. In all instances except when 
the initial seed is 2, the search times required by IRA* are only 
14 to 28 percent more than that for the best-first search, and the 
space required is linear. To our knowledge, no other general 
search scheme has achieved this high performance. 

We now explain the reason why IRA* is efficient and 
analyze its performance. Note that TSP is a strict NP-hard pro b
lem, whose computation time grows exponentially when the 
accuracy of the solution is increased. Table 3 demonstrates this 
claim. The time required in an approximation search with 
E = 0.05 is only about 20 percent of Tb. On the other hand, since 
the lower-bound function for TSP based· on the spanning-tree 
method is not very tight, it is quite possible that a node provides 
a new incumbent but its lower bound is relatively loose. Thus, 
an optimal or a good suboptimal solution is usually found before 
the last iteration, and the overhand of IRA* is quite small. 

The computational behavior of the approximate devth
first searches are related to the s"equences of incumbents, which 
are problem-instance dependent. Therefore, a theoretical 
analysis of the performance of IRA* is very difficult. The fol
lowing theorem shows the minimum time required by IRA*. 

Throughout this paper. all analysis are based on the 
assumption that the number of nodes whose lower bound is less 
than g increases exponenlially with g. Empirically, we have 
verified this assumption for strict NP-hard COPs, such as sym
metric TSPs for fully connected cities [6]. 'This assumption 
holds true in a large range of lower-bound values, from the 
minimum lower-bound value to some value larger than the 
optimal solution. Let n. 0 and B 0 be, respectively, the numbers of 
nodes whose lower bounds are minimum and are less than the 
optimal-solution value. n 0 is one for most COPs, i.e., only the 
root of the B&B search tree has the minimum lower bound. 

Lemma 1. Assume that n(g), the number of nodes whose lower 
bounds are less than g in the B&B tree, increases exponentially 
with g within the range gr < g < L, and that n (gr) = n 0 , then 

[Boj[~ n(g) = n 0 - , (4.3) 
no 

where fr, and Zr are the optimal-solution and minimum lower
bound values, respectively, and L > fo· 
Proof According to the assumption. we can denote n(g) as an 
exponential function. 

(4.4) 

where M and A are constants. From the following conditions, 

M·A/Jr =no (4.5) 

3. 7b is obtained in the last iteration of IRA •, since u~ =f.,. It is very difficult to 

solve ,a large symmetrie TSP by a best-first sea.rch due to the space constraint. 

4. For asymmetric TSPs and TSPs on incompletely connected graphs, p:roblems 
with seven.! hundred cities can be solved. The solvable size ofTSPs on symmetric 
and fully connC(;led graphs is quite small. Even for 20 cities, the number of nodes 

e;~~.pwded in the search tree may ellceeds one million. 

.11·.4 1• = 8 0 • (4.6) 

[Boj[-t;;j [Boj[~ wegetA=- and,V=n 0 - D 
n0 n 0 

In terms of the above result, we can analyze the best-case 
behavior of IRA"'. 

Theorem 2. Let Ei be a series of error allowances, Ei > Ei+lo 

1 ~ i < k., and EJ:::?: 0. Let Tr be the computation time required by • 
IRA* for solving a COP and n0 = 1. Then Tr :2: LB~i, where r1 

satisfies ..l!_ - 8r .::: ri(j" - gr ). 
1+£; 

i=l 

Proof. Consider iteration i in which the error allowance is ~-. 

From Eq. (4.1), all nodes whose lower bound is less than __!;;__ 
1 +E· 

have to be exom1ded; thus, at least n[_!;;__l nodes are expande~ 
. 1 + Ei] 

in iteration i. From Lemma 1, 

r. - j [~::, 
i J" 

n1-- = Bo 
ll + Ei 

(4.7) 

Note that, in tfte above equation, n(·) is a function notation. Let 
~ ~· --- gr = r..-(fo- gr)· Eq. (4.7) shows that at least B0' nodes 

1+t; 
have to be expanded in iteration i. The theorem is proved by 
considering k iterations. 0 

Only a loose upper bound ofT~ can be derived due to its 
anomalous behavior. However, our results in Table 3 demon
strate that most of the overhead of IRA* is incurred in the last 
iteration. If the optimal solution is found before this, then Tr is 
usually close to Tb, since all nodes expanded in the last iteration 
have to be expanded in a best-first search as well. In general, 
this is not u.~e worst case. We now discuss the worst-case 
behavior of IRA"'. 

Theorem 3. Let k be the number of iterations of an IRA*, Eo~: be 
0, and the optimal solution be found in the last iteration. Let tj 
be the computation time required in the j-th iteration, and n 0 be 

Eo~:-1f" 
1. Then tJ: < B~" ... 1, and !;:_1 < B~J:-l+l, where rk = -~.-- and 

"-g, 
(EJ:-2-Ei-1 )·/, 

rk-1 = . · 
(hEH )(f.-g,) 

Proof Since the optimal solution is found in the last iteration 
and using the epproximate lower-bound test defined in Eq. (4.1), 
we can clai.-n that uL1 = u{_2 < (l+E.~:_2)f,; otherwise, the 
optimal solution must be found before the (k-1)-th iteration. 
Similarly, u{., < (1+£1_1 )·[., and g{_1 < uL,/(1+£). The worst 
case hap~ when the incumbent is unchanged until the last 
node is expa.:.ded in the (k-1)-th iteration. This implies that 

[[ 
1+£,_,j j 

r~-1 < n --- '[. 
1+£.~:-1 

From Eq. 4.4, we have 

[ 

(l+£!-2)·/, 

M A 
l+£!-1 

t.l:-1 < -



Hence, 

(4.8) 

Applying the above analysis to the k~th iteration, we get 

[I+ '-'-1/o] 
B 

fo-Jr 
t.i: < 0 (4.9) 

The theorem follows from Eq's (4.8) and (4.9) and the definition 
of r 1, i = k-l,k. 0 

Theorems 2 and 3 are of importance only in verifying the 
performance of IRA* and not in predicting it. as B 0 is problem
instance dependent and is difficult to estimate. Some parameters 
in the above theorems can be estimated. For example, gr is easy 
to obtain by abstracting the information of the root node: From 
our experience, fo is close to the mean of the root's lower-bound 
and upper~bound values. More accurate estimate of fo can be 
obtained by using statistical extreme-value distribution theorem. 
According to this theorem, TSP can be viewed as (n-1)!/2 sam
ples and each upper bound as a local minimum, and the optimal 
solution satisfies the Weibull distribution. 

To verify this upper bound, we examine a 20-city TSP 
with u1=398.792. g,=303.165, / 0 =395.792, T,=552101, and 
t.~:;::;756385. Since E0 is not available, we use Tb instead of E 0 

in order to derive a loose upper bound oft.~:. In this example, 
u{_1 ;::;u2=398.792; hence, the achieved Ek-l is (u2-fo)lfo 
=31f,. and r, is 0.033. From Theorem 3, we get t, =756385 
< T!+rk =854093, 

The sequence of e used in IRA* is called a refinement 
schedule. A good refinement schedule should be determined in 
terms of the distribution of nodes by lower bounds and the accu
racy of the initial incumbent. The design of an optimal 
refinement schedule is open at this time. In this paper, a static 
refinement schedule is adopted. \Ve have examined a number of 
dynamic refinement schedules and found that the search perfor
mance of IRA* for solving TSPs is not sensitive to changes in 
the refinement schedule, since the computation time of the last 
iteration is dominant and is close to Tb in most cases. 

5. PARALLEL ITERATIVE REFINING A* 
In studying parallel IRA*, we focus on improving its 

speedup with respect to the best sequential algoritlun. To sim
plify the analysis, we assume that the overheads of load balanc
ing and communication are negligible. We assume that the com
putational model is a loosely coupled multicomputer, and that 
the B&B tree is split into a number of subtrees that are searched 
in parallel. We found earlier that when multiple lists are used, a 
parallel search may risk searching a large number of extra nodes 
[4]. Our objective here is to reduce this risk. We further assume 
that the parallel computation is synchronized by iterations. Note 
that the search trees in different iterations have different sizes. 

Before presenting the theoretical analysis, we need to 
explain the representation of the search tree. The search trees 
used in the literature are usually depicted by depth. For the sake 
of understanding IRA*. the search trees used here are depicted 
by cost (see Figure 3). Note that nodes in the same cost level do 
not mean that they are located in the same depth of the original 
tree. 

In iteration i. the global upper bound decreases from uP to 
u{ (it is possible that u{;::; u?). When a parallel IRA* is imple

u9-u! 
men ted, the speedup is related to the interval -' --

1 
• Similar to 

~9:u( 
the discussion in Section 3. we define ri as 

1 
(/, 

1 
• Since 

(l+e,) "-g,) 
(u?-u{) < (jo-Kr), we have 0 ~r; $ r max~ 1. r max reflects the 

maxn:ru? reshold interval among all iterations. Define 

l1+0:J 
C;;::; From Lenuna 1, we have Ci=Ari{fo-sr). Let 

n[ ~:~]' 
Cmu;::;max(Ci), namely, C!llV;=ArmuCfo-sr). Cmax reflects the 

i 

ratio between the numbers of nodes expanded with different 
thresholds and is an important parameter for characterizing the 
behavior of IRA* searches. In a conventional depth-first search. 
rmax;::; 1; hence, Cma.x =B 0 ifn0 ;::; 1. 

In the following discussion, notations (1) and (P) are used 
to denote the parameters used in serial and in parallel computing. 

Theorem 4. Assume that the search tree is decomposed into 
multiple subtrees, that the processors are synchronized in node 
expansions, that u?(P) = u?(1), and that u{(P) = u{(1). Let T,(1) 
and Tr(P) be the computation times required for the IRA* algo
ritluns using one and P processors, respectively. The speedup, 

T,(l) I' . d 'thin th f 11 . unds -T ( , are mute Wl e o owmg bo . 
, P) 

(5.1) 

Proof. The proof is in two parts. Due to space limitation, we 
show only the part for fintling the !ower-bound speedup; the part 
for :finding the upper-bound speedup is similar. 

In finding the lower-bound speedup, since the parallel 

IRA* algorithm is synchronized by iterations, T,(P) = ~ t1(P). 
i=l 

For the i-th iteration in both serial and parallel cases, the nodes 
uf 

whose lower bounds are less than -'- must be expanded. 
1+Ei 

These nodes are called essential rwdes, while other nodes 
expanded are called nonessential rwdes. In the worst case, no 
nonessential node is expanded in the serial case but all nonessen
tial nodes are expanded in the parallel case. "This situation is 
possible when ulj, the final incumbent of iteration i, is not fotmd 

until l_·n[__::r_ essential nodes have been expanded in the 
P l+Ei 

serial case, and all these nodes are assigned to processor 1 in the 
parallel case if P > C;. In addition to essential nodes, all 
nonessential nodes are expanded in the parallel case, and these 
nonessential nodes are assigned to processor 2 to processor P. 
Figure 3 shows the worst case for parallel IRA* in which P > Ci 
and 

[ u'l 
I;(l);:;n l+~;J' t·(P)= -·n -'-1 [ u~ j 

' p 1+£,-

Without loss of generality, the initial steps for generating 
P nodes in the parallel IRA* search and the ceiling function is 



Pt.. ..p,. 

serial IRA* parallel IRA* 

Figure 3. The worst case behavior of parallel IRA*". 

omitted in this proof. This means that the overhead of synchron~ 
ization is ignored. To derive the upper bound of minimum 
speedup, i.e., the maximum speedup in the worst case, we 
neglect the overhead of load balancing. Accordingly, 

1;(1) 

I;(P) = 

(~JH1~,] 
From Eq.(5.2) and the definition of C1, we have 

p 1;(1) 
-<-- if P>Ci. c, - 11{P) 

(5.2) 

(5.3) 

When P $ Ci, it is possible that in the parallel case processor 1 
expands the same nodes as expanded in the serial case, and all 
nodes expanded by other proCessors are unnecessary. This 
implies that 

11{1) 
1 $ I;(P) if P $Cr. (5.4) 

The lower bound is proved by combining Eq's (5.3) and 
(5.4), and using the definition of C UWI.' 0 

Note that the speedup is dominated by the last iteration in 
which the threshold interval is restricted within £k.-1!Q. and often
times u2 = u{. This implies that Ck is very small and is very 
likely equal to 1. Consequently, in practice, the lxmnds of 
speedup are tighter than those given in Theorem 4, especially 
when load balancing is applied. 

The above theorem shows the robustness of parallel 
IRA*. Since C max is small in IRA*, the condition that P > C wax 

is generally satisfied Parallel IRA* also avoids the detrimental 
anomalies and poor slowdown often found in parallel depth-first 

searches; that is, at least _P_ times speedup can be gained. 
c= 

The cost of this gain is in lhe loss of large super-linear speedups, 
although super-linear speedup less lhan C rnaxp is still achievable. 
fu contrast, the possible speedups in conventional parallel 
depth-first search may range from l to B 0 ·P. 

Table 4. Simulation results on parallel IRA* :md PGDFS for 
soh·i.ng 5 20-cityTSPs using 16 processors. 

In it. Seed I i 1 2 I 3 I 4 I 5 

Sequential Bcst-Fim Search 

T, 11 16235 123491 -1 77292 13867 1 48062 
IRA* and Parallel IRA* 

T, 11 2os28 51043 88864 17380 54889 

n 11 26S79 48404 87739 177783 55025 

T,(l6) II 1697 3043 5501 1127 3457 

R, II 0.78 0.46 0.87 0.80 0.88 

H, i! 0.77 1.05 1.01 0.98 1.00 

u, II 15.84 15.91 15.95 15.78 15.92 

s, il 12.27 16.77 16.15 15.42 15.88 

SP, " " 9.57 7.72 14.05 12.30 13.90 

GDFS and Parallel GDFS 

T, il 6TIS7 57626 223957 156937 135852 

r; /1122035 49340 219463 42032 85028 

T,(!6) 1! 7643 3099 13732 2643 5340 

R, ,, 
I 0.24 0.41 0.35 0.09 0.35 

H, II 0.56 1.17 1.02 3.73 1.60 

u, li ,, 15.97 15.92 15.98 15.90 15.92 

s, I 

!1 8.87 18.60 16.31 59.38 25.44 

SP, !i 2.12 7.58 5.63 5.25 9.00 

Table 5. Su.·n.Inary of various speedups for 10 TSP instances 
using 16 processors and random seeds ranging from 1 to 
10. (Tb: time for best~first search; T8 : time for guided 
depth-first search; T,.: time for IRA* search.) 

averagell 1~~ T,(lT 118(16) 1-'i(lf I~ (I} -1~ 

speedup[\ T,(16) T,(l6) T,(l6) T,{l6) T,{l6) T,(l6) 

Method 1 ji 11.42 I 5.06 2.26 1 14.34 14.69 32.38 

Method 2jj 11.37 I 5.67 3.37 1 2o.26 14.96 64.45 

Method 1 computes the speedup as the ratio of the total 
computation times of the 10 problem instances using different 
search strategies. Method 2 computes the speedup as the average 
speedup of Ltdividual problem instances. 

6. SIMULATION RESULTS OF PARALLEL 
IRA* 

To verify the theoretical results derived aOOve, we have 
simulated the performance of parallel IRA* (PIRA *) and parallel 
guided depth-first searches (PGDFS) using 16 processors. 
Results for 5 symmetric TSPs of 20 fully-connected cities are 
shown here. Other results are not shown due to space limitation. 

The parallel search is implemented as follows. Initially, a 
serial best~first search is carried out to produce 16 active nodes, 
which are distributed into 16 separated lists. A parallel search is 
then carried out with the 16 nodes as the roots of subtrees. In 
each step. a processor expands one node, provided there are 16 
or more active nodes among the lists. If a list is empty, it gets a 
node from another list. Since we are focusing on the speedup 
(SP) of the parallel search, we use the number of steps as our 
performance measure. The rcfmcment schedule adopled in the 
parallel IRA"' search is the same as that in the serial one. 



The simulation results for PIRA* and PGDFS are shO\vn 
in Table 4. The sequential search times, Tb, T,.. and Tg, are taken 
from Table 2. T,(P) and T,(P) are the times required by PGDFS 
and PIRA*, respectively. Since the sets of the nodes expanded 
in a serial search and the corresponding parallel search are not 
identical, we denote the total number of nodes expanded in all 
processors in PGDFS (resp. PIRA*) by T! (resp. r; ). 

Let H be the ratio of the number of the nodes expanded in 
a serial search and that in the corresponding parallel search. H 
reflects the amount of extra work or savings in a parallel search 
as compared to the serial one. During a parallel search. espe
cially in the first and last few steps, some processors may be idle 
as there are insufficient active nodes. The parameter U charac
terizes the speedup of T; (resp. Ti) over T,(P) (resp. T,(P)). 
The simulation results show that in almost every step all proces
sors are busy. That is, U is very close to 16. Using thi above 
definitions and recalling R and S defined in Section 2, we have 
the following relations among these parameters. 

SP~RxS~Rx(HxU) (6.1) 

Tables 4 demonstrates that PIRA * is much more efficient 
and robust than PGDFS. For the 5 TSP instances, the speedups 
(SP) range from 7.72 to 14.05 in PIRA*, with an average 
speedup' of 12.03. For PGDFS, the speedups range from 2.12 to 
9.00, with an average speedup of 5.51. In PIRA*, the number of 
nodes expanded is close to that of the serial IRA*. As a result, 
poor slowdown in performance is avoided, and S, the speedups 
with respect to the same search scheme, are close to the number 
of processors (ranging from 12.27 to 16.77). Obviously, all 
these speedups obtained by simulations are within the bounds 
derived in Section 5. In PGDFS, the values of parameter H is 
more diverse than those in PIRA *; hence, anomalies occur more 
frequently (S ranges from 8.87 to 59.38). Even in the case when 
S equals 59.38, the real speedup (SP) is only 5.25, since R is too 
small. 

Table 5 compares different methods for computing speed
ups. We focus in this paper on T0(l)IT,(P), namely, the speedup 
of the parallel algorithm as compared to the best sequential algo
rithm. Titi.s is shown in column 2 in Table 5. We see that 
PIRA * has a speedup of around 11 as compared to a sequential 
best-first search. 

For research on parallel algorithms, what is important is 
the speedup based on the same search strategy. Tiris is illus
trated by the results in columns 5 and 6 in Table 5, which show 
that the speedups are closer to linear and can even be superlinear. 
Tills linear or superlinear speedup has been observed frequently 
by researchers in this area. However, these speedups do not 
represent the merits of parallel processing in actually solving the 
original problem. 

The speedups achieved by PIRA * as compared to tradi
tional sequential methods based on guided depth-first search are 
more dramatic. These are shown in the last colwnn in Table 5, 
which show that a speedup of over 32 can be achieved. 

5. The average speedup is computed by dividing the sununation of TQ 's by the 

mmmation of Tr(l6)'s (or T1(16)'s) for the 5 TSPs. 

7. CAVEATS 
The effectiveness of the IRA* algoritlun depends on the 

complexity of the COP to be solved. For problems with fully 
polynomial-time approximation algorithms, such as the knapsack 
problem, the IRA* algorithm may not be effective. A necessary 
condition for IRA* to be effective is that the computation time of 
the problem instance to be solved must be reduced substantially 
by approximate depth-first searches. Second, since lRA * is 
based on depth-first searches, it acquires the drawbacks and 
anomalous behavior of approximate depth-first searches. 
Overall, anomalies happen much less frequently in IRA* than in 
depth-first searches because we are performing a sequence of 
depth-first searches, each of which may compensate the 
anomalous behavior of another. 
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